About once a year. We compute optimal tactical asset allocation (TAA) policies over equities and bonds when both asset returns are predictable. By varying how often the weights are reset, we estimate the benefits and costs of different frequencies of TAA decisions. Tactical tilts taking advantage of predictable stock returns generate approximately twice as much value as those market-timing bond returns.
Introduction
Tactical asset allocation (TAA) policies aim to generate value by periodically adjusting asset class allocation targets to take advantage of time-varying expected returns. We investigate how often institutions should take such tactical decisions. 1 We consider a long-term investor with constant relative risk aversion (CRRA) utility defined over final wealth allocating between stocks and bonds. 2 Both asset classes exhibit predictability, which we calibrate to data: bond returns are time-varying and depend on the risk-free rate and yield spread, and equities can be forecasted by the same two variables as well as the dividend yield. These predictors have a long history in finance. Many researchers have used short rates and term spreads to forecast excess bond returns (see Fama and Bliss, 1987; Shiller, 1991; among others). The dividend yield has been used to forecast equity returns at least since Dow (1920) and is intuitively appealing because high valuation ratios embed low future discount rates.
We distinguish the frequency with which an institution might change tactical targets, such as moving from a 60/40 bond/equity target to a 50/50 target, from the actual trading frequency, since the two are often different in practice. Indeed, institutional investors, such as pension and sovereign-wealth funds, often have an investment board (the principal) who chooses tactical investment targets and then delegates the actual portfolio construction to in-house or external portfolio managers (the agent).
We allow the principal to optimally switch portfolio target weights at discrete points in time. Between these times of tactical shifts, the agent continuously rebalances back to constant portfolio weights. We refer to these switching strategies as TAA because the portfolio weights are updated only infrequently. The TAA policies are optimally set for a given calendar-time updating frequency, and respond to time-varying changes in investment opportunities.
We assume that information processing is costly and exogenously given. The principal should pay a fraction of the asset under management to research changes in investment opportunities or to decide the optimal switching target portfolio weight. These costs are the source of infrequent switching. As the updating intervals become more frequent, the principal can respond to time-varying investment opportunities better. However, this also induces higher information processing costs. The principal will decide the optimal switching frequency by trading off the benefit of frequent switching against high information processing costs while taking predictability of returns as given. We consider cases of optimal tactical switching for the predictable bond returns only, predictable stock returns only, and for both time-varying bond and stock returns.
We estimate the utility costs and certainty equivalent return (CER) losses of periodically updating TAA strategies at different horizons with the information processing cost compared to the optimal first-best policy of taking continuous TAA decisions without any cost (the Merton case). We show that for the annual frequency, as long as TAA strategies are implemented optimally, the utility losses are minimized at 1.42 percent of initial wealth, and the CER losses are minimized at 14 basis points of annualized return. TAA programs are approximately twice as valuable for exploiting variation in the equity risk premium compared to the bond premium.
We analyze the effects of the cost of switching on the performance of TAA strategies by varying the information processing costs. We find that performance of TAA strategies updating at different intervals become worse as the information processing cost increases. The benefit of marginal decrease in the switching interval is fixed, and the cost of marginal increase in the number of switching is proportional to the cost of switching. Thus, the investor finds it optimal to change the target weights less often when the switching cost is high. We also find that the benefit of frequent switching of target weight is asymmetric such that when the market conditions indicate that future returns are likely bad, the utility costs and CER losses are greater.
The optimal switching frequency, however, is independent of the initial market conditions.
As a robustness check, we consider a case that the investor can hold long or short positions in cash. Given the same predictability of returns, the enhanced investment opportunity sets make the benefit of marginal decrease in the switching interval more valuable to the investor.
This induces the shorter optimal switching frequency and the lower minimum utility costs and CER losses. We also consider more predictors. Our model can be easily extended to incorporate multiple predictors. We create "predictive index" for each asset, and use them as a proxy for the state variables in the baseline model. The increased predictability by including additional predictors implies that the higher utility costs and CER losses.
Despite a large literature on asset allocation, little is known about the impact of making TAA decisions at lower frequencies than the rebalancing frequency, because the literature typically assumes both to be the same, i.e., that principal and agent investors are identical. 3 Two re-cent practitioner studies examining the optimal frequency of TAA decisions are Leibowitz and Bova (2011) and Almadi, Rapach, and Suri (2014). 4 Neither derive the optimal portfolio strategies for predictable asset returns or for different frequencies of TAA decisions. Thus, they do not compute investors' utility costs for suboptimal rebalancing behavior. An advantage of our framework is that the optimal time-varying TAA policies are derived for different rebalancing frequencies over predictable equity returns, bond returns, or both.
A companion appendix to this article is available online, which contains detailed derivations of the various trading strategies and computations of utility costs.
Model

Asset Allocation Problem
Following Merton (1969,71), Brennan, Schwartz, and Lagnado (1997) and others, we consider an investor with horizon T who maximizes constant relative risk aversion (CRRA) utility over terminal wealth:
where γ is the investor's degree of risk aversion, and w(t) is the weight in the investor's portfolio held in stocks at time t. We assume the remainder, 1 − w(t) is held in bonds. 5 We write the dynamics of bonds and stocks such that the expected returns of bonds and stocks vary over time. Bond returns are predictable by short rates, r(t), and the risk-premium factor, y(t). Stock returns are also predictable by short rates and risk-premium factor, but in addition dividend yields, z(t), also have forecasting ability. Note that while the investor does not hold cash, time-varying short rates influence risk premiums of bonds and equities. 4 There are also academic studies that investigate optimal discrete rebalancing intervals in the presence of inattention costs, e.g., Abel, Eberly, and Panageas (2007) but they assume a constant opportunity set (i.e., no predictability). 5 This case is the most relevant for investors with leverage constraints, like pension funds. The case where investors can hold short or long positions in cash leads to similar results to our analysis. A disadvantage of allowing cash holdings is that the risk aversion coefficient has to be carefully calibrated, otherwise the equity premium puzzle often leads to aggressively levered positions in equities (see, for example, Brennan and Xia, 2000) . We report a case in which cash holdings is allowed in the online appendix.
Bond Returns
We employ a two-factor version of the term structure model with the short rate and the risk-premium factor. Stating the factor dynamics in discrete time (although the underlying model is set in continuous time, see the online appendix), we have r(t + 1) − r(t) = κ r (r − r(t)) + κ ry (ȳ − y(t)) + σ r ε r (t + 1)
where ε r (t) and ε y (t) are independent and identically distributed (IID) normal random variables.
The correlation between the short rate and the risk-premium factor is ρ ry = σ ry / σ 2 ry + σ 2 y . In equation (2) , the risk premium factor influences, and is correlated with, the short rate.
We take the short rate as the three-month T-bill rate and proxy the risk-premium factor with the term spread measured as the difference between the 10-year and two-year Treasury bond yields. Since we use the short rate and term spread as state variables, bond returns reflect predictable deviations from the Expectations Hypothesis (see Dai and Singleton, 2002; Duffee, 2002 ). We assume a particular structure on the prices of risk allowing for unspanned dynamics in the term structure, i.e. the short rate follows one-factor version of the under the risk-neutral measure (but is driven by two factors under the empirical measure). 6 In our empirical work, we choose total returns of 10-year Treasury constant maturity bonds to represent bond returns, r B (t):
where the constant and coefficients on the short rate, r(t), and risk-premium factor, y(t), are determined by no-arbitrage relations and are functions of the data-generating process in equation (2) (see the online appendix).
Stock Returns
We build on the models of Campbell and Viceira (1999) and Stambaugh (1999) who forecast equity returns using dividend yields. In addition, we also allow short rates and term spreads 6 One bond is sufficient to complete bond markets in our framework, even though the unspanned risk-premium factor drives bond excess returns and thus induces non-trivial hedging demands for investors (see Duffee, 2002 , and the online appendix). 7 Since the investor has an horizon of T , the risk-free asset is a zero-coupon bond of T years. The 10-year maturity is a standard benchmark, tradeable, and also enables the model to be calibrated using standard Vector Autoregression (VAR) techniques as we detail below.
to predict equity premiums, whose predictive power has been studied by , , , and others. In discrete time, we assume dividend yields, z t , follow
where ε z (t) is an IID normally distributed shock which is independent of ε r (t) and ε y (t). We take total returns on the S&P 500 index as stock returns, r S (t), and dividend yields, z(t), are constructed using the sum of the previous 12 months of dividends.
Equity returns follow
where ε s (t) is an IID normally distributed shock orthogonal to ε r (t), ε y (t), and ε z (t). A negative value of ρ zs allows the dividend yield to be strongly negatively correlated with innovations to equity returns, as found by . The conditional mean parameters (α S , β Sr , β Sy , β z ) can be calibrated using standard predictability regressions. We assume that stock markets are incomplete in the model by specifying time-varying prices of risk which depend on the dividend yield and the term structure factors (see the online appendix).
TAA Policies
We define a TAA investment policy as follows. An investor can switch his portfolio weights n times at evenly spaced points. During the period between two adjacent rebalancing dates, the investor maintains a constant portfolio weight. 8 The weights change at rebalancing dates. We solve for the optimal TAA policy, which is a function of the number of rebalancing intervals, n, the horizon of the investor, T , and the state of the economy summarized by the variables that predict returns, (r(t) y(t) z(t)). The optimal TAA policy is time-consistent in a sense that an investor derives the optimal policy once at time zero (using dynamic programming techniques) and the policy, which is a function of the state, remains optimal as time passes. 8 As we work in continuous time, the investor maintains constant weights in between the switching TAA decision dates by trading continuously. If the investor were to rebalance discretely, then she would buy-and-hold between two rebalancing dates. Pure discrete switching strategies do not have closed-form solutions. For simple systems with one state variable, the discrete switching strategies can be solved numerically and are close to our analytical TAA strategies. See the online appendix for further details.
We assume that there are information processing costs in which the investor should pay c basis points of the contemporaneous value of the investment portfolio to research changes in the investment opportunities every time he switches the target weight. The investor would increase the number of switching while the marginal benefit of shortening the switching interval is greater than the costs of doing that. We take the information processing costs, c as given, and derive the optimal number of switching. Figure 1 illustrates two TAA strategies for one path of simulated return predictors. For a 10-year horizon, we plot the equity weight of TAA strategies rebalanced every year (n = 10), every five years (n = 2), and the optimal Merton continuous strategy (which we label "continuous").
The TAA strategies change only at rebalancing dates, so they are step functions. As expected, the one-year TAA strategy follows the continuous strategy more closely than the TAA strategy switching every five years. It is important to note that these optimal strategies are solved at time zero and change over time as the state variables change and the horizon decreases.
Empirical Results
Parameter Estimates
We take monthly frequency data from January 1941 to December 2013. In our analysis, we consider systems with no predictability, predictability of bond returns only, predictability of stock returns only, and predictability in both asset classes. The continuous-time parameters are estimated by deriving the discrete-time version of the model and recovering the parameters from VAR and predictive regression coefficients (see the online appendix). In Panel B, the point estimates in the predictive regression coefficients for excess bond returns show that when short rates and spreads are high, bond risk premiums are high. The coefficients, however, are not statistically significant. After the short rate process is determined, the relatively large standard errors partly reflect the difficulty in estimating time-varying prices of risk in term structure models (see Dai and Singleton, 2002) . In the predictive regression for stock returns, all three variables-short rates, term spreads, and dividend yields-are jointly statistically significant. For our analysis with no predictability, and predictability only in one of stock or bond returns, we re-estimate the predictive regressions imposing these constraints.
The model parameters correspondingly change for these various cases. on the dividend yield in the equity predictive regression (equation (22) and Table 1 ). Figure 3 examines how quickly the optimal TAA portfolio weights converge to continuous-time weights. We plot bond and equity holdings as a function of the rebalancing frequency. The weights are computed at time zero for an investor with a horizon of T = 10 years with the predictive variables set at their long-term means. We choose the risk aversion coefficient so that at time zero the optimal weights are 60% equities and 40% bonds for a TAA strategy which selects the portfolio weights once only at time zero. This level of risk aversion corresponds to continuously rebalanced weights of approximately 50%, which are plotted in the dashed horizontal lines. As the switching intervals become more frequent, the TAA weights converge to the continuously rebalanced weights. In particular, TAA rebalancing at a frequency of one year or less produces TAA weights similar to the continuous weights.
Characterizing TAA Policies
In Panel B of Figure 3 , the TAA equity weights are larger than the continuous strategy weights. As we will see in Figure 4 , the hedging demands are negative, i.e. the continuous strategy holds less equity weight than the myopic strategy, which refers to an instantaneous mean-variance strategy. Intuitively, the TAA strategy's hedging are less aggressive than the continuous strategy (with the TAA producing larger hedging demands in absolute value) since under TAA, the investor does not have the ability to react to future changes in the investment opportunity set, except at discrete TAA rebalancing dates.
To examine how the optimal TAA weights change as a function of the predictive variables, Figure 4 plots the TAA equity portfolios weights together with the Merton strategy and the myopic strategy. The weights are optimal at time zero for an investor with a 10-year horizon.
We consider annual TAA decisions. We vary the short rate, term spread, and dividend yield in each panel. In all panels, we change only the state variable on the x-axis and hold constant all other parameters and state variables.
The first notable fact in Figure 4 is that the annual TAA and continuous weights are similar, but both are significantly different from the myopic weights. This means that mean-variance strategies, which do not take into account the hedging demands induced by predictable asset returns, can result in significantly sub-optimal holdings.
Second, Figure 4 shows that equity weights are decreasing in the short rate and term spread.
As can be inferred from the coefficients of the predictive regressions in Table 1 , the returns of equities in excess of bonds decrease as both short rates and term spreads increase. Thus, as these predictive variables decrease, the investor favors equities over bonds. Similarly, the equity weights increase as dividend yields increase. Higher dividend yields imply higher equity risk premiums (the dividend yield does not influence the dynamics of short rates and spreads in the model in equation (2)), and the investor takes advantage of higher equity premiums by larger equity weights.
Third, the myopic weights are larger than the TAA and continuous weights. The difference between the myopic equity weight and TAA and continuous equity weight is the hedging demand. Since the investor is risk-averse, she would hedge future risks of negative shocks to investment opportunity sets. This can be done by increasing the holdings of an asset which exhibits negative covariance between the risk premiums. The negative hedging demands result from the investor optimally lowering the equity weight to protect her against possible negative shocks to the equity risk premium. While Campbell and Viceira (1999) found large, positive hedging demands for equity, our investor holds a 100% risky asset portfolio. Campbell and Viceira's investor shorts the risk-free asset to fund her equity hedging demands. In our system, this role is taken by bonds: long-term equity positions are smaller than myopic weights because bond returns hedge negative shocks to expected returns better than equities. It also turns out that with our estimated parameter values the variations in the conditional covariance between asset returns and the risk premium is small, and thus the hedging demands are mainly determined by unconditional covariance between asset returns and the risk premium. Thus, most of times the TAA and continuous equity weights are lower than the myopic equity weights. We confirm that if we turn off the bond predictability entirely, and retain only stock predictability, then the optimal TAA position in stocks is indeed larger than the myopic position (while the bond position is lower than its myopic counterpart). investors' portfolios exhibit less sensitivity to changes in predictors because they recognize these opportunities are mean-reverting. Figure 5 and Table 2 report the utility costs of TAA as a function of switching frequencies.
TAA Decisions at Different Frequencies
The utility costs are stated in terms of the percentage increase of initial wealth required for an investor to be indifferent between a TAA strategy switching at a given frequency and the continuous Merton strategy. Put another way, how much does an investor need to be compensated for making TAA decisions more infrequently? We use a horizon of 10 years and set the risk aversion so that a TAA strategy choosing the portfolio weights only once at the beginning of the ten-year period yields a 60% equity and 40% bond portfolio (as in Figures 3 and 4 ). Figure 5 considers the case of joint stock and bond predictability. The baseline case is the optimal Merton policy, or the continuous switching TAA policy without any information processing costs. Since there is no cost of switching and returns are predictable, the continuous switching TAA is the first-best scenario. Then, we consider the investor with switching costs of 5 basis points of the contemporaneous value of portfolio. As the switching TAA intervals become more frequent, the utility costs decrease. Investors require an additional 3.1% of wealth when switching allocations twice over a 10-year horizon to have the same utility as employing the continuous Merton strategy. The utility costs keep declining until the switching interval 1-year. In this region, the benefit of shortening the switching interval outweighs the cost of paying the cost of more frequent switching. For the six-month, one-quarter and one-month TAA strategies, the utility costs are increasing, at 1.50%, 2.28%, and 6.27%. This indicates that the investor does not gain from the return predictability by switching the target weight more often as much as paying a fraction of the value of portfolio. Thus, we can conclude that the optimal switching frequency is around every year. It should be emphasized that this conclusion of course depends on how much returns are predictable.
In Table 2 , we record the case of no predictability or IID returns, and predictability in only one of stock or bond returns. The last column of Table 2 lists the joint stock and bond predictability case and is the same as Figure 5 . For the IID case, the utility costs are very small for longer switching intervals; there is little benefit of taking TAA decisions more frequently because there is little value in market timing. 9 The investor prefers switching the target weight less often since returns are IID, i.e. the benefit of frequent switching is relatively small to the switching costs. The smallest utility cost can be achieved when the investor switch twice over the horizon. significantly more benefit in taking TAA decisions at longer intervals because the investor can capitalize on times when equity returns are potentially much higher than bonds. The smaller predictable variation in bond returns makes it more difficult for an investor to capitalize on bond predictability (see insignificant slopes in the predictive regression in Table 1 ). However, the optimal frequency, every year, is the same for the bond and equity predictability. The valueadded benefit of TAA bond or equity decisions is outweighed by the higher switching costs.
The minimum level of utility costs are decreasing as the asset returns become more predictable.
For example, in terms of utility costs the minimum utility costs are increasing from 0.27% to 1.42% by adding marginal predictability to asset returns. In terms of CER losses, the investor would give up only CER of 0.39% when returns are IID, but she would lose CER of 3.22%
when both returns are predictable.
Effect of Switching Costs
In the baseline case, we take the switching costs of 5 basis points as given, and then obtain the optimal switching frequency. To analyze the effects of switching costs on the utility costs and the optimal switching frequency, we vary the switching costs from 5 to 50 basis points, and find the number of switching that achieves the minimum utility costs relative to the first-best case.
The results are reported in Figure 6 . The minimum utility costs are increasing as the cost of switching increases. For example, when the investor should pay 50 basis points of the value of portfolio for updating the target weight, the minimum utility cost relative to the first-best case is around 4% of the initial wealth, and can be achieved by updating the target weight every 3.3-year. For every costs of switching, we use the same parameter values in which both stocks and bonds are predictable. Thus, the marginal benefit of shortening the switching interval is fixed.
The switching cost only increases the marginal cost of increasing the number of switching, which makes the minimum utility cost and the optimal number of switching increase as the switching cost increases.
Effect of Business Cycles
So far, we report the unconditional utility costs and CER losses to provide performance statistics of TAA strategies by integrating across the steady-state distribution of the return predictors.
This enables us to compare TAA strategies at various switching frequencies with the first-best case systemically, and thus the optimal number of switching is independent of the current condition of investment opportunities. A natural question is then how performance statistics of TAA strategies respond to the market conditions. To obtain the conditional utility costs and CER losses, we proxy the business cycles by one of state variables, dividend yields. Low (high) valuation at troughs (peaks) of business cycles is naturally embedded in high (low) dividend yields.
We keep the other state variables at their long-run mean and estimate performance statistics of TAA conditional on dividend yields regime. High (trough) and low (peak) regimes correspond to the dividend yield which deviates from the long-run mean by three standard deviations.
The results are reported in the first two columns of Table 3 . We use the same parameter values used in the last column of Table 2 . The most notable thing is that the utility costs and CER losses are lower across all frequencies when the initial market conditions indicate that future returns are likely high. Thus, we can conclude that the benefit of frequent switching is asymmetric such that a freedom to respond to negative shocks to the risk premium is more valued by the investor. Another thing we should note is that the optimal frequency is independent of the market conditions. This is intuitive since the initial investment opportunity sets affect TAA at various switching frequencies systemically, and thus the optimal switching interval is same across the initial market conditions.
Extension
Cash
We exclude cash from an available asset class in the baseline model. In this section, we show that the case where investors can hold short or long positions in cash leads to similar results to our analysis, but much higher utility costs. We believe that utility costs in this scenario are overstated since most of investors, especially institutions, do not take a leverage. Our approach to exclude cash from an available asset class can be viewed as an extreme version of borrowing constraint.
The same solution method can be used for deriving the optimal allocation rule and the value function when cash is available with a slight modification. Table 3 reports the utility costs and CER losses when the investor is allowed to hold long or short positions in cash. We use the same parameter values used in the last column in Table 2 , i.e. both bond and stock returns are predictable. Thus, we allow bigger investment opportunity sets while fixing the degree of assets' predictability and the cost of switching. We obtain that the utility costs and CER losses are significantly increased for longer switching interval. This is due to the fact that the investor with the continuous switching can capitalize the benefit of return predictability more easily by taking a leverage. This also implies that the investor using TAA policy could obtain higher marginal benefit if she decreased the switching interval, and thus the optimal interval becomes shorter, around one month. Note that the minimum utility cost and CER loss are lower than those in the case without cash. The bigger investment opportunity sets make the investor take more frequent TAA decisions relative to when she is constrained not to hold cash, which generate lower utility or return loss.
More Predictors
To extend the model to have more than 3 predictors, we create a "predictive index for bond and stock returns, respectively. In the predictive regression of returns, we can put various predictors in the RHS.
where r i (t + 1) is bond (i = B) or equity (i = S) return, and r(t) is the short rate as usual.
X(t) is a vector of predictors, including yield spread, dividend yield, inflation, default spread, and output gap. In the baseline model, X t are just yield spreads for bond returns, and are yield spreads and dividend yields for stock returns. We take y(t) = β B,x X(t) as a predictive index for bond returns, and take z(t) = (β S,x − β B,x )X(t) as a predictive index for stock returns. That is, bond and stock returns can be expressed as r B (t + 1) = α B + β B,r r(t) + y(t) + σ B ǫ B (t + 1),
In this way, we can easily incorporate multiple predictors in our framework and use our methodology to solve for the optimal TAA policy.
The effect of introducing more predictors is obvious. We obtain higher R 2 in predictive regressions, which implies the more predictability. We recover parameter values under this specification, and estimate the utility costs and CER losses. We keep restricting the investor from holding positions in cash. The results are reported in the last column of Table 3 . The utility costs and CER losses are significantly increased across all switching intervals. Strong predictability in returns indicates that the investor can be better off by rebalancing her portfolio whenever the expected returns implied by predictors are changed. Thus, the minimum level of utility cost and CER loss that the investor using the TAA policy can achieve is increasing, and the optimal switching interval becomes shorter.
Conclusion
We solve for optimal TAA policies which switch target portfolio weights at periodic calendar intervals. The TAA policies are optimally computed for a long-horizon CRRA investor with time-varying expected returns. Under predictability, the optimal TAA weights are very different from the myopic, or instantaneous mean-variance, weights. We find that the utility benefits of moving to shorter decision intervals than one quarter are small and less than 25 basis points of initial wealth compared to the case where TAA decisions are taken continuously.
There are at least three useful extensions to our approach. First, we do not consider variation in conditional volatilities. Given the relatively high mean reversion of volatilities, it is conceiv-able that TAA utility costs would still be small at intervals shorter than one quarter. Second, we ignore transaction costs in assuming that the agent can rebalance continously in between TAA decision dates. While the literature started by Constantinides (1983) shows that closed-form solutions for portfolio weights in a non-IID environment are rarely available, we expect that the presence of transaction costs would only serve to lengthen the optimal TAA decision interval.
On the other hand, the small transaction costs for implementing overlay TAA strategies with future contracts would likely not change our results. Lastly, we have focused only on the TAA decision between two asset classes: equity and bonds. It would be natural to extend this analysis to more asset classes, such as commodities, inflation protected bonds, and real estate. The table reports utility costs and certainty equivalent return (CER) loss of TAA strategies switching at set periodic calendar intervals with switching costs versus the continuous Merton strategy which switches instantaneously without any costs. Utility costs are reported in percentage terms of initial wealth and represent the increase in initial wealth required to make the investor with a given TAA strategy have the same utility if she had the ability to implement the optimal Merton strategy with predictable returns. CER losses are reported in annualized percentage return and represent the decrease in CER that the investor would experience if she took costly TAA decision. We take an investor with a 10-year horizon, switching costs 5 basis points of the value of portfolio, and risk aversion of 7.9, which corresponds to a 60% equity and 40% bond portfolio at time zero for the TAA strategy which fixes the portfolio weights only once at time zero (the 10-year switching TAA strategy). We compute the utility costs and CER losses integrating across the steady-state distribution of the state variables. The various cases correspond to non-predictable asset returns, only bond returns are predictable, only stock returns are predictable, or both bond and stock returns are predictable. The minimum utility costs and CER losses for each case are marked with bold numbers. The table reports utility costs and certainty equivalent return (CER) loss of TAA strategies switching at set periodic calendar intervals with switching costs versus the continuous Merton strategy which switches instantaneously without any costs. Utility costs are reported in percentage terms of initial wealth and represent the increase in initial wealth required to make the investor with a given TAA strategy have the same utility if she had the ability to implement the optimal Merton strategy with predictable returns. CER losses are reported in annualized percentage return and represent the decrease in CER that the investor would experience if she took costly TAA decision. We take an investor with a 10-year horizon, switching costs 5 basis points of the value of portfolio, and risk aversion of 7.9, which corresponds to a 60% equity and 40% bond portfolio at time zero for the TAA strategy which fixes the portfolio weights only once at time zero (the 10-year switching TAA strategy). The first two columns correspond to low and high dividend yields regime. In the third column, we allow the investor to hold cash. Finally, in the last column, we use parameter values obtained by adding more predictors. Note to Figure 4 We plot equity weights at time zero for the optimal TAA strategy switching allocations every year, the strategy with continuous rebalancing, and the myopic strategy. The last is valid for an instantaneous mean-variance portfolio. The three rows correspond to short rate, term spreads, and dividend yield predictors. Vertical lines indicate the steady-state mean of each state variable. In all panels, we vary only the state variable on the x-axis and hold constant all other parameters and state variables. We use an horizon of T = 10 years and a risk aversion of 7.9. 
Rebalancing Frequency Utility costs (% of initial wealth)
We plot the utility costs of taking TAA decisions at various intervals with switching costs of 5 basis points relative to the continuous Merton (1971) strategy which switches instantaneously without any costs. The utility costs are integrated over the steady distribution of state variables. The utility costs are computed for a 10-year horizon and a risk aversion of 7.9, which corresponds to a 60% equity and 40% bond portfolio at time zero for the TAA strategy which chooses the portfolio weights only once at the beginning of the ten-year period (the 10-year TAA strategy). We consider the full case of predictability in both stocks and bonds. Optimal switching intervals (year)
We plot the minimum utility costs of taking TAA decisions relative to the continuous Merton (1971) strategy which switches instantaneously without any costs for various switching costs from 5 to 50 basis points (left axis). We also plot the optimal switching frequency that achieves the minimum utility costs on the right axis. The utility costs are integrated over the steady distribution of state variables. The utility costs are computed for a 10-year horizon and a risk aversion of 7.9, which corresponds to a 60% equity and 40% bond portfolio at time zero for the TAA strategy which chooses the portfolio weights only once at the beginning of the ten-year period (the 10-year TAA strategy). We consider the full case of predictability in both stocks and bonds.
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A Bond Returns
We employ a two-factor version of the term structure model with short rates, r(t), and a risk-premium factor, y(t), as state variables: dr(t) = [κ r {r − r(t)} + κ ry {ȳ − y(t)}] dt + σ r dZ r (t)
(1)
where Z r and Z y are independent Brownian motions. The correlation between the short rate and term spread factor is ρ ry = σ ry / σ 2 ry + σ 2 y . We take the short rate as the three-month T-bill rate and proxy the risk-premium factor with the term spread measured as the difference between the 10-year and two-year Treasury bond yields.
We specify a price of risk-free rate risk as an affine function of state variables:
Further, we assume that
This restriction effectively makes the risk-free rate follow a one-factor Vasicek term structure model under the risk-neutral measure. In other words, the yield spread shock is not spanned in bond markets (see Collin-Dufresne and Goldstein, 2002).
The dynamics of the risk-free rate under the risk-neutral measure is
, and κ Q r = κ r + σ r φ r . Also, Z Q r represents a Brownian motion under the risk-neutral measure. Note that the mean-reverting speed and mean level differ in two measures. Now, the time t price of zero coupon bond maturing at time T ≥ t can be derived:
In the utility maximization problem we consider later, an investor who takes bond and stock prices as given and allocates his wealth only in constant time-to-maturity bond index and stock, not cash. Thus, we need to specify the process of the constant time-to-maturity bond index. We assume without loss of generality that the time-to-maturity of bond index the investor can trade is T , which is same as the investment horizon.
Denote B(t) as the index value of T time-to-maturity bond index. Then, the following holds
where µ B (r(t), y(t)) = α B + β B,r r(t) + β B,y y(t) (10)
and a i (T ) = ∂A i (s−t) ∂s s=t+T for i = 1, 2. The return of the T time-to-maturity bond index consists of two parts: the return from holding P (t, t + T ) between time t and t + dt and the rollover return from selling P (t + dt, t + T ) and buying P (t + dt, t + dt + T ).
B Stock Returns
We build on the models of Campbell and Viceira (1999) and Stambaugh (1999) who forecast equity returns using dividend yields. In addition, we also allow short rates and term spreads to predict equity premiums, whose predictive power has been studied by , , , and others. We assume dividend yields follow
where Z z is a Brownian motion, which is independent of Z r and Z y . We also specify a price of equity specific risk Λ s (t) as an affine function of dividend yields:
Under the risk-neutral measure, equity returns can be written as
where Z Q s is a Brownian motion under the risk-neutral measure, which is independent of Z Q r , Z Q y , and Z Q z . Note that Z Q z = Z z , i.e. the stock market is incomplete, and the expected return under the risk-neutral measure is just the short rate.
Under the physical measure, equity returns follow
= µ S (r(t), y(t), z(t)) dt
where
C Asset Allocation
Following Brennan, Schwartz, and Lagnado (1997) and others, we consider an investor with horizon T who maximizes CRRA utility over terminal wealth:
where γ is the investor's degree of risk aversion, and w(t) is the weight in the investor's portfolio held in stocks at time t. We assume the remainder, 1 − w(t) is held in bonds.
The wealth process follows
where dZ(t) = [dZ r (t) dZ y (t) dZ z (t) dZ s (t)], and
C.1 Continuous Merton (1971) Policy
We take the continuous Merton (1971) policy as a benchmark. This policy continuously rebalances to fixed portfolio weights when returns are IID, and continuously switches to time-varying portfolio weights when returns are predictable.
We use the stochastic control approach to solve the problem. Let J (W, X, t) denote the indirect utility function. The principle of optimality leads to the following Hamilton-JacobiBellman equation for J:
with boundary condition
The coefficients K, θ, and σ X can be obtained by stacking all three state variables, X = [r(t) y(t) z(t)] ⊤ . The indirect utility function J is conjectured to have the form:
Under this conjecture, the optimal portfolio weight of stock is given by
We can interpret the optimal portfolio weight as two parts: the myopic demand and the hedging demand. The first two terms in equation (32) represent the myopic demand. The
is the standard formula for an IID environment with a constant risk premium. In our setting, the risk-free rate changes over time, so the investor also cares about the covariance of stock and bond returns represented in the second term, (σ B σ ⊤ S * )/(σ S * σ ⊤ S * ). The last term in equation (32) is the hedging demand, which allows the investor to hedge possible future variation of the state variables by holding an off-setting position in assets whose return is correlated with those state variables.
To solve for F (X(t), t), we conjecture its form and then verify. Our conjecture is that
where τ = T −t and the matrix B 3 , the vector B 2 , and the scalar B 1 satisfy a system of ordinary differential equations (ODEs). Substituting the optimal portfolio weight into equation (28) gives us the following partial differential equation (PDE):
and r
Plugging equation (33) into the PDE and matching coefficients on X(t) ⊤ [·] X(t), X(t), and the constant term leads us to a system of ODEs:
The boundary condition is
C.2 Myopic Policy
We introduce a myopic policy which ignores the hedging demands present in the continuous Merton policy. A myopic investor times the market over the next (instantaneous) period and has a portfolio weight represented by the first two terms in equation (32). The portfolio weights can be expressed as
To calculate utility costs, we solve for the indirect utility when the investor follows the above strategy. DenoteĴ (W, X, t) as the indirect utility corresponding to (α 0 , α 1 ). ThenĴ (W, X, t)
should also satisfy equation (28). Since w(t) is linear in X(t),Ĵ (W, X, t) takes the same form as the continuous Merton policy:
Similarly, we conjecture thatF (X, t) is exponential quadratic:
whereB 1 ,B 2 , andB 3 satisfy a system of ODEs.
With a similar procedure as solving the continuous Merton policy in the previous section, we obtain the system of ODEs:
andδ * 0 ,δ * 1 are such that µ B =δ * 0 +δ * 1 X. The boundary conditions arê
C.3 Tactical Asset Allocation Policy
We define a TAA investment policy as follows. An investor can switch his portfolio weights n times at evenly spaced points. During the period between two adjacent rebalancing dates, the investor maintains a constant portfolio weight. The weights change at a rebalancing date. We solve for the optimal TAA policy, which is a function of the number of rebalancing intervals, n, the horizon of the investor, T , and the state of the economy summarized by the variables that predict returns, (r(t) y(t) z(t)). As the intervals between rebalancing approach zero, or n → ∞, then we approach the standard continuous-time case with predictable returns.
LetĴ k (W k , X k ; n) be the value function at k-th switching date of TAA switching n times, and take the following form:
We refer to time 0 as the zero-th switching date. Then, the recursion formulas forB 1 , 
Note thatB 3,k does not depend on α 0 . The above equation tells us that the optimal target portfolio weight at k-th rebalancing date is linear in the state variables:
We substitute α * 0 inB 1,k andB 2,k , and re-collect coefficients on constant, X k , and X k · X k . Then, we have a newB 1,k andB 2,k . We repeat this procedure until time 0 to obtain the optimal target portfolio weight at each TAA decision point and the value function at time 0.
D Utility Cost and Certainty Equivalent Return Loss
We measure the utility costs in terms of the percentage increase of initial wealth required for an investor to be indifferent between a TAA strategy switching at a given frequency with the information processing cost and the continuous Merton strategy without any costs. We also measure the certainty equivalent return losses in terms of the annualized certainty equivalent return that achieves the expected utility of the investor. We can compute F (X(0), 0) in equation (33) when the continuous Merton policy is employed, andF 0 (X(0); n) in equation (57) when the TAA with n-switching is used. Then, the utility cost and CER loss of TAA switching n times is calculated as
Note that the utility cost depends on the initial value of state variables. To find the utility cost which is independent of the initial state variables, we numerically integrate over the initial state variables using the stationary distribution.
E Estimation
We take monthly frequency data from January 1941 to December 2013. In our analysis, we consider systems with no predictability, predictability of bond returns only, only predictable stock returns, and when expected returns of both assets vary over time. The continuous-time parameters are estimated by deriving the discrete-time version of the model and recovering the parameters from VAR and predictive regression coefficients. LetX be the augmented state variables vector:
Then, our model can be written
whereμ,K, andσ are vector representations of the parameters of each variable inX. The discrete-time process implied by the above continuous-time mean-reverting process iŝ
where eK △t is a matrix exponential. The variance-covariance matrix is
This is a restricted Vector Autoregression (VAR).
We estimate equation (63) and report the coefficients in Table 1 of the paper. Table 1 reports the parameter estimates for the restricted VAR implied by the model (Panel A) and regressions predicting excess stock and bond returns (Panel B). We recover the continuous-time parameters from the discrete-time VAR estimates, which we report in Table A • For IID returns, we set φ r = φ y = φ s = 0, i.e. the prices of risks are constant.
• For the case of predictable bond returns only, we set φ s = ν = 0, i.e. stock returns are not predictable and uncorrelated with the short rate risk.
• For the case of only predictable stock returns, we set φ r = φ y = 0, i.e. bond returns are not predictable, but still correlated with stock returns.
For these three special cases, we derive the discrete-time VAR, re-estimate the discrete-time coefficients, and back out the corresponding continuous-time parameters.
F Discussion on TAA vs Discrete Rebalancing
We consider a trading strategy closely related with TAA, namely discrete rebalancing. The investor using a discrete rebalancing strategy employs a buy-and-hold strategy during the period between two rebalancing dates. On the other hand, TAA keeps the target portfolio weights by trading continuously. However, TAA is very similar to discrete rebalancing and TAA allows us to have closed-form solutions. This feature is especially useful when an investment opportunity set is a function of more than one state variable, as in our model. Solving optimal weights of discrete rebalancing requires computationally burdensome numerical techniques. Thus, in this section we consider a simpler model to compare TAA and discrete rebalancing with one state variable, the divided yield, which governs the expected return of equities. This implies that the short rate is constant and the term structure is flat. Stock returns now follow
Dividend yields follow the same mean-reverting process as equation (14), and the price of risk Λ s takes the same form as equation (15) . An investor allocates her wealth in the stock and the risk-free asset, which pays a constant return r.
We can derive the optimal portfolio weights and value functions of continuous Merton and TAA policy as we do for the full multivariate model. We now provide a solution method to derive the optimal portfolio weights at each point and to compute the discrete rebalancing value function. Suppose that the agent is allowed to trade only n times at evenly spaced dates over the investment horizon T . We treat time zero as the zero-th rebalancing date. Define the value function at the k-th rebalancing date as
where E k is the conditional expectation on the information upto k-th rebalancing date, and w i is a portfolio weight in stock at i-th rebalancing date. Then, the following holds
We conjecture thatJ k (W k , z k ) =
with a boundary conditionF n (z n ) = 1.
Plugging this into the above equation, we get
where △ is a trading interval and g = exp
The first order condition is
which we solve by Gaussian Quadrature. By plugging the optimal portfolio weight policy into equation (68), we obtainF k (z k ). Doing this recursively, we derive the portfolio weights rule at each rebalancing date, and solve forF 0 (z 0 ).
To capture an effect of inability to trade in more detail, we compute utility costs of a buyand-hold strategy versus a TAA strategy over T periods. The TAA strategy rebalances back to a constant portfolio weight, and thus is a single-switching TAA strategy. The utility costs are reported in percentage terms of initial wealth and represent the increase in initial wealth required to make the buy-and-hold investor have the same utility if she had the ability to undertake a TAA strategy with a single switch. We take the same parameters as Panel C of Table A-2, except we set r at a constant level r =r. We set the risk aversion to be 7.9, which is in line with the results in the paper. We compute the utility costs integrating across the steady-state distribution of the single state variable, the dividend yield. Figure A-1 plots the results. As we expect, utility costs of buy-and-hold policy are positive. As the horizon increases, the utility costs increase.
However, even in 10-year of horizon the utility cost is less than 0.9%, which indicates that we can take TAA as good approximation for discrete rebalancing. The table reports means, standard deviations, and correlations of the short rate, term spread, dividend yield, and excess returns of bonds and stocks. We take monthly frequency data from January 1941 to December 2013. The short rate is the three-month T-bill rate and the term spread is the difference between the 10-year and two-year Treasury bond yields. The stock data is the monthly return of S&P 500 index. The bond data is the monthly return of 10-year Treasury constant maturity bond index. All data are continuously compounded and means and standard deviations are annualized. The figure plots utility costs of a buy-and-hold strategy versus a TAA strategy over T periods. The TAA strategy rebalances back to a constant portfolio weight, and thus is a single-switching TAA strategy. The utility costs are reported in percentage terms of initial wealth and represent the increase in initial wealth required to make the buy-and-hold investor have the same utility if she had the ability to undertake a TAA strategy with a single switch. We take a risk aversion of 7.9 to be in line with the results in the paper. We compute the utility costs integrating across the steady-state distribution of the single state variable, the dividend yield.
